Abstract-Engineering return stroke models can be categorized either as current generation (traveling current source type) models or current propagation (transmission line type) models. The current generation models are described among other parameters by a corona current distributed along the channel. Recent studies show that there is equivalence between the models of current generation and current propagation types. Due to this equivalence, any engineering return stroke model of current propagation type can be described in terms of an equivalent corona current per unit channel length. The measurements conducted within 10-500 m from triggered lightning flashes show that the electric field of subsequent return strokes at these distances flattens within 15 µs or so. In this paper, the constraints imposed by this feature on the temporal and spatial variation of the equivalent corona current are investigated. The results show that in order for the close fields to flatten within 15 µs or so, the equivalent corona current, should be bipolar and the corona current wave shape at late times should be identical to that of the longitudinal current time derivative. This is in contrast to most of the engineering models of current generation type, in which the corona current is assumed to be unipolar.
I. INTRODUCTION

M
EASUREMENTS conducted in the vicinity of triggered lightning return strokes show that the electric field within about 500 m of the channel flattens within 15 µs or so [1] , [2] . Several examples of such fields are shown in Fig. 1 .
The engineering return stroke models available in the literature can be divided into current generation and current propagation categories or types, which are also referred to as the traveling current source and transmission line type models, respectively. In the current generation models, the lightning channel itself generates the return stroke current as a result of the neutralization of the charge deposited by the leader in the corona sheath. The main input parameter in these models is the corona current per unit length, which represents the current generated Fig. 1 . Typical examples of electric fields measured within 500 m of the triggered lightning return stroke. Note that the return stroke field starts at t = 0. The field before this time is due to the dart leader [1] .
by a given channel element. In the current propagation models, the return stroke channel acts as a wave guiding structure along which the current injected at the strike point propagates toward the cloud. Recently, Cooray [3] and Maslowski and Rakov [23] showed that there is an equivalency between these two descriptions and that the current propagation models, for example transmission line (TL) [4] , modified transmission line exponential (MTLE) [5] , and modified transmission line linear (MTLL) [6] , can also be represented as current generation models with an equivalent corona current. 1 Based on this equivalency, for any engineering return stroke model available in the literature, one can define an equivalent corona current. The equivalent corona current of any return stroke model is given by [3] I c (z, t) = − ∂I(z, t) ∂z
where I c (z, t) is the corona current per unit length at height z, I(z, t) is the longitudinal return stroke current at the same height, as prescribed by the adopted return stroke model, and c is the speed of light in free space. The purpose of this paper is to derive the constraints on the corona current imposed by the experimental observations described earlier. Although the approach described is applicable to any return stroke model available in the literature, the emphasis will be on current propagation models for which Cooray [3] predicted that the equivalent corona current should be bipolar.
II. CONSTRAINTS ON THE CORONA CURRENT
Let us assume that the lightning channel is straight and vertical. The longitudinal current at a given point along the channel at time t is I(z, t). Assume for the moment that the return stroke speed is constant. Given this information, the equivalent corona current can be extracted from (1) . The time derivative of the electric field at a point located at distance D from the base of the channel is given by [3] and [8] 
with
and
where I c (z, t) is the corona current per unit length at height
H is the height of the return stroke channel that contributes to the electric field at time t, Q 1 (t, z) is the total positive charge per unit length deposited on the channel element at height z by the corona current and Q 2 (t, z) represents the instantaneous charge (negative) flowing across that channel element at that time. The first two components in (2) represent the time derivative of the static field, the third and the fourth terms represent the time derivatives of the induction and radiation terms, respectively. No direct measurements of the current at different heights along the lightning channel are available in the literature and are unlikely to be available in the near future. Thus, indirect methods have to be utilized in constructing engineering models to specify how the lightning current varies as the return stroke propagates upward. It appears that the best means available for this purpose today is the temporal and spatial variation of the optical radiation generated by lightning return strokes. Indeed, the experimental data obtained for electrical discharges having current amplitudes similar to those of lightning [9] and for triggered lightning [18] , show that the initial part of the optical radiation generated by a discharge channel element in air is qualitatively similar to that of the current waveform flowing through it. The best data set available today on the spatial and temporal variation of the optical radiation signal generated by the lightning channel is due to Jordan et al. [10] , [19] . This shows that the initial peak amplitude of the optical radiation decreases with height while its rise time increases with height. Another interesting observation pertinent to this data set is that, after the initial peak, the tail of the optical pulse does not vary significantly with height, at least over the first few hundred meters. It is not unreasonable to assume that the return stroke current also behaves in this manner. If this is the case for the return stroke current, for times longer than about t o (a value to be specified later), one can assume that the return stroke current and current derivative do not change significantly with height at least over the first few hundred meters. Then, according to (1) , one can assume that the corona current also behaves in this manner. With this assumption, the first term of (2) reduces to (5) where I c (0, t) is the corona current (i.e., the time derivative of the positive charge deposited on the channel) per unit length at the ground end of the channel. We have neglected the radiation field [the last term of (2)] because we are interested in the electric field close to the channel and the radiation field does not make a significant contribution at late times. Before proceeding further, let us place limits on time t o . Since we are interested in the electric field in the vicinity of the channel, the length H of the return stroke channel that contributes to the electric field is not more than a few hundred meters. Let us denote the time taken by the return stroke front to traverse this channel section by t p . Since the return stroke speed is typically about 1.5 × 10 8 m/s, the value of t p is about a few microseconds. In order to replace (2) by (5), it is necessary to satisfy the following two conditions: 1) t o > t p and 2) the value of t o is such that, at times longer than t o , the return stroke current and the current derivative do not vary significantly over a time interval of t p . Since the rapidly varying portion of the current and the current derivative occur within a few microseconds from the beginning of the return stroke, both these conditions can be satisfied by selecting t o ≈ 5 µs. Actually, in the case of subsequent return strokes, this time can be reduced further. Now let us go back to (5) . If the close electric field flattens within 15 µs or so, then the time derivative of the electric field at these times should be close to zero. Thus, for t > t o (for brevity, we will drop the term R/c inside the bracket)
For distances less than 100 m or so, numerical evaluation shows that the ratio of the two integrals in the aforesaid equation is approximately equal to −1. Thus, one can write
This shows that the flattening of the close electric field requires that the temporal variation of the tail of the equivalent corona current at channel sections close to ground is similar to the derivative of the longitudinal return stroke current.
Let us now consider implications of (7). The corona current represents the rate of change of the positive charge deposited in the corona sheath per unit length of a lightning return stroke channel at a given time. Since the return stroke neutralizes the negative charge in the leader corona sheath, a net positive charge should flow into the corona sheath during the return stroke phase. Thus, the value of the integral from t = 0 to t = ∞ of the corona current has to be positive. However, since the return stroke current derivative is negative after the current peak (also for times t > t o ), (7) indicates that the corona current also has a negative component. Since the total integral of the corona current is positive, we have to conclude that the initial part of the corona current is positive. This leads to the conclusion that the corona current is bipolar. This is in contrast to the current generation type models available today, all of which assume that the corona current is unipolar [11] . The equivalent corona currents of the current propagation models, however, are predicted to be bipolar [3] . Thus, (7), which, in conjunction with the fact that the integral of the corona current is positive (i.e., positive charge deposition), predicts a bipolar corona current, is consistent with the prediction for the current propagation models, but inconsistent with the assumptions made in the current generation models available in the literature.
III. SIGNIFICANCE OF (7) IN MODIFIED TRANSMISSION LINE MODELS (MTLM)
In the transmission line model, the return stroke current is represented by a current pulse propagating without attenuation and distortion along the leader channel with constant speed [4] . Since this model does not take into account the neutralization of the leader charge, several authors have modified this model by introducing a current attenuation factor [5] , [6] . These models are known as MTLMs. In one model, the current is assumed to decrease exponentially with height [5] , [7] , and in the other model, it is assumed to decrease linearly with height [6] , [20] . The former is known as the MTLE model and the latter the MTLL model. In the MTLE model, the current at a given point along the return stroke channel can be expressed as
In the MTLL model
In these equations, λ e and λ l define how the return stroke current decreases with height (note that λ l was assumed to be equal to the channel length in the original MTLL model), z is the coordinate directed along the vertical, v is the return stroke front speed, and I(0, t) is the current at the base of the channel. Current at the base of the channel of subsequent return strokes is often represented by the following equation [12] : 
For times longer than a few microseconds, we can replace I(t) and dI(t)/dt by corresponding expressions valid for late times. Substituting these in (10) and equating the results obtained for z → 0 to the expression on the right-hand side of (7), one obtains
In the case of the MTLL model, the equivalent corona current per unit length is given by [3] 
An analysis similar to that performed earlier leads to the result
These results show that for the flattening of close electric fields, the decay height constants of the MTL models should vary with the return stroke velocity and the decay rate of the channel base current. Note that the close electric field flattening is also predicted by the MTLL model having a typical channel base current waveform, typical return stroke speed, and a constant value of λ l equal to the channel height.
In the MTLE model, the originally suggested value of the decay height constant λ e is 2000 m. We have used this model to calculate the electric fields at different distances for four current decay time constants τ 3 of 30, 50, 70, and 100 µs. These current waveforms are shown in Fig. 2 together with several examples of the channel base current measured in triggered lightning strokes. In the calculations, the speed of the return stroke was kept constant at 1.5 × 10 8 m/s. Fig. 3(i) shows the electric field at 50 m predicted by this model. The predicted electric field does not exhibit the flattening observed in experiments. Fig. 3(ii) shows the electric fields calculated at the same distance but by using the decay height constant given by (11) . Note the clear flattening of the close electric fields for all values of τ 3 . However, there is a problem with the use of decay height constants given by (11); they result in a rather large zero crossing time in the distant radiation field. This is illustrated in Fig. 3(iii) , where the radiation field at 200 km as predicted by the MTLE model is depicted.
In order to reduce the distant zero crossing time to acceptable values, one can assume that the decay height constant is heightdependent. Our analysis shows that a suitable decay height constant can be expressed as λ e = (vτ 3 with λ em = 4000 m. With this modification, the effective decay height constant at channel sections close to ground is equal to vτ 3 , in agreement with (11) , and for larger heights, it decreases forcing a reduction in the zero crossing time. Fig. 3 (iv) and (v) shows the electric field at 50 m and 200 km, respectively, with this modification. Note that the zero crossing time of the distant (radiation) field is now consistent with measurements. It is important to point out that while modifying the model we did not increase the number of model parameters. In the original MTLE model, the model parameters are the channel base current, return stroke speed, and the decay height constant λ e . Similarly, in the modified model, the model parameters are the channel base current (which also defines τ 3 ), return stroke velocity, and λ em . Now, let us consider the MTLL model. In the MTLL model, the typical value of λ l is equal to the total length of the channel, usually, 7000 m. Fig. 4(i) shows the electric field at 50 m, as predicted by this model for four different current decay time constants (τ 3 ) of 30, 50, 70, and 100 µs. Fig. 4 (ii) shows the electric fields at the same distance for λ l = vτ 3 .
Observe that, in Fig. 4 (ii), the close electric field flattens regardless of τ 3 . However, as in the MTLE model, the zero crossing time of distant (radiation) field becomes unreasonably [at least in case (a)] large with this choice of λ l . Fig. 4(iii) , in which the radiation field at 200 km is depicted, illustrates this point. In order to reduce the distant field zero crossing time to typically observed values, one can assume λ e that varies along the channel. Our analysis shows that a suitable decay height constant can be expressed as with λ lm = 7000 m. Fig. 4(iv) shows the electric field at 50 m and Fig. 4 (v) depicts the radiation field at 200 km with this modification. Again, in the calculations, the speed of the return stroke was kept constant at 1.5 × 10 8 m/s. Note that the zero crossing time of distant field is now more consistent with measurements. As in the original model, the number of model parameters is equal to three. They are the channel base current (which also defines τ 3 ), return stroke velocity, and λ lm . As noted earlier, for typical v and current waveform, the MTLL model is capable of reproducing the characteristic close electric field flattening with a constant value of λ l equal to the channel height.
In the aforesaid analysis, we have decreased the zero crossing time by modifying the model parameters. Actually, the zero crossing time of distant radiation field depends also on the channel geometry. Indeed, one can obtain a typical zero crossing time without changing the model parameters by adopting a (physically reasonable) channel geometry that gradually turns from vertical to horizontal as the channel approaches the charge center in the cloud. For example, Fig. 5(a) shows such a geometry. This channel geometry is similar to the channel geometries observed using interferometry [15] and electric field measurements [21] , [22] . Fig. 5(b) shows the radiation field at 200 km predicted by the MTLE model with λ e = vτ 3 (τ 3 = 100 µs in the example shown) when this channel geometry is used. For comparison purposes, the radiation field obtained with a straight and vertical channel is also shown in the figure. We do not expect the close electric field to be significantly affected by this change in channel geometry because the turning point of the channel is located at 5 km above the ground, and at 50 m, the electric field is dominated by the charge on the channel sections close to ground. Even though we have considered examples using MTLE and MTLL models (both are current propagation models), (7) is valid for both current generation and current propagation models. In the case of current generation models, the corona current per unit length at a given height along the return stroke channel can be expressed as [11] I c (z, t) = I co (z)e (16) where I c (z, t) is the corona current per unit length and τ (z) is the height-dependent discharge time constant. In some models, the discharge time constant is assumed not to vary with height, and in others, it is a function of height. As one can observe from (16), the corona current is unipolar. Since the discharge time constant in almost all the current generation models is not more than a few microseconds, the corona current given earlier can be modified rather easily so that it agrees with (7), for example, by assuming
Once the channel base current and the return stroke speed are specified, the same techniques that are applied to obtain I co (z) can be utilized to obtain I cm (z) in the modified corona current [16] , [17] . Observe that, since the duration of the first term in (17) is a few microseconds, the second term, which is negative, will take over at late times making the corona current bipolar. The relationship between the corona current and the close fields as predicted by current generation models will be a subject of future study.
IV. CONCLUSION
The analysis based on reasonable assumptions concerning the return stroke current shows that, in order for the return stroke models to predict close fields that flatten in 15 µs or so, the equivalent corona current per unit length should be bipolar and the time signature of the tail of the corona current should be identical to the derivative of the longitudinal return stroke current. This feature is illustrated for the MTLE and MTLL models. We also show that either a height-dependent decay height constant or a lightning channel with an upper horizontal section could be responsible for the typically-observed zero crossing of a distant electromagnetic field. 
